Math 1060 — 4.1 Notes
The Inverse Trigonometric Functions

In order for a function to have an inverse, the function must be one-to-one. In other words, it must pass
the horizontal line test. Since the trigonometric functions are periodic, we must restrict the domain so
that they will pass the horizontal line test. Therefore, the inverse functions will have a restricted range.
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The inverse sine function is sometimes called the arc sine, and is abbreviated arcsin (x) or sin™ (x)

Similarly, the other inverse functions are often called the arc cosine and are tangent, abbreviated
arccos(x) or cos™ (x) and arctan (x) or tan”' x.

< G . T .
sin”' x is the angle in {—%,—2—} whose sine is x.
cos™ (x) is the angle in [0, 7] whose cosine is x.

tan™ (x) is the angle in (—%,g} whose tangent is x.

Example: Find the exact value of each expression without using a table or calculator.

a) sin‘l(l) = b) mcsin(——@j:
2 2
c) tan™ (1) :@ d) arccos(~%j =



Example: Find the angle a.

a) sina =0.56, —90° < a <90° b) tana=-3, —z/2<a<mx/2
voL
sin” (0.50) =[34.17) tan” (-3) = £T.2_cad]
c) cosa =0.23, 0°<a <180° d) cosa=-0.82, 0<a<r

cos™ (o 23) : (oS ™! {— 0.28) =m

Inverses of the Reciprocal Trigonometric Functions

csc! x is the angle in {—%,0) ) (O,%} whose cosecant is x.

sec” (x) is the angle in {:O,%) u(%,n} whose secant is x.
cot™' (x) is the angle in (0,7) whose cotangent is x.
Identities

ese L )msia? @
sec” (x)=cos™ (%)

tan™" (1/x) forx>0
cot™(x)=<tan” (I/x)+7  forx<O
/2 forx=0

cot™ (x) = g— tan™’ (x)

Example: Find the exact value of each expression without using a table or calculator.
I{ the Secant b) csc”! (2) IF ¢sc /s 2, T cot 1s
S 23, the Sin s Yy B) dan s[5

srecos (/foifﬁ s (AT arctan(®) 17%)

Example: Find the approximate value of each expression rounded to 4 decimal places.
a) arccsc(—1.4713) b) cot™ l(—2 5 c) sec 1(4 328)

KFCSI.‘Q (-‘l.”*, = éav\-l ( 2. 6§— = 3606 CDS (4_388> —{l 83?'@5

Cot™ mus+t be in (O, T), S°
M. -.3805+ 1=

Example: Find the exact value of each composition.
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Examples: Find the exact value of each composition.

X 5
a) sin w oS e = —" - é—- b) cot(arccos(%]j Cos © = v 7—3—
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Example: Find an equivalent algebraic expression for sin (arctan(x))
VA4

arctan x= ©

Example: Find an equivalent algebraic expression for sin (arccot(x))
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Math 1060 — 4.2 Notes
Basic Sine, Cosine, and Tangent Equations

1. Findll the anglesion the unit circle (on [O, 271:]) that satisfy the equation. You can do this by
looking at the unit circle (usually this is less confusing) or by working algebraically. If
s =sin"" a > 0, one of these solutions will be s =sin™ @ and the other will be 7—s =7 —sin"' a . If

s=sin"" a <0, the two solutions are s+2z =sin"a+27 and 7—s =7 —sin"' a.
2. Add or subtractgmultiples of 27)from each angle.

Don’t let the algebra freak you out! All you are doing is finding all the angles on the unit circle that
satisfy the equation and adding 24z to each one to form your solution set.

Basic steps for solving tan x = a:
1. Fi n‘ on the unit circle that satisfies the equation. This will be either s =tan™ g if this

value is positive, or s+x =tan" a+z if s=tan™ a is negative.
2. Add or subtract nu om each angle. (Remember that the tangent repeats every

instead of every 7 like sine and cosine).

Examples: Find all real numbers that satisfy each equation.

ans
a) sinx=1 b)cosx=0 T 3w , 1T, etc.
2- 2 =2
?X{)‘=F-—+ Q\Qﬂg
2 /? 'TT/ + T o
¢) cosx =-1/2 R% 4‘% d) sinx = I/Z A '5T1’J

%X X:QT"%_\.&Y&‘D‘ or L%XIX WA{-I—QP&TF or ¥X= 3/./ +QET’§
:4773-)'52\2“?

e) tanx = —/3 Q% f) tanx =1 “TA

W Zx|x=T) +k7%

g) sinx =-.4375 h) cosx =.8913
sin 4339 = - 453 o5 (-2913) < .47 |
",4554—9“15630 ‘ other angle it sane
cosine 12 Zir— 41l = 5.8I3
e other gnde with o =S SR
Same Sine 1S B0

%x}X%‘/’ﬂ +Qk o

T 4,453 = 3,595
X=5.8(%+ QEW?

?x{x =32.595 + 2R T
oY X = 5.‘6304'8112115




Examples: Find all angles in [0°, 360°] that satisfy each equation < y e
a4 e} receq
a) cosx:\/§/2 . b) tanx =-3.5 J P

e every (807
(géoi 330@ tan~'(-3.5)c =34 | 7
_H4.1° +186° = [p5.9°
105.9° +/80° = 285,9°

/505.? %, ;285,?°§)

Sometimes, you have to do a bit of algebra before you can use the techniques above.

a) Solve 2sina—1=0for0<a <2zx. b) Solve 3sin(,B)+6=SSin(ﬁ)+7 for 0° < B <360".
. o —me
RSN X = | -33/n(8) -~ 35/(8)
-_— —
Sin X=)4 =gs/mpB+?

-1=2snA
(5%, 573 Singe S

We can also solve trigonometric functions involving multiple variables for a specific variable by using the
definitions of the inverse functions.

. T X 0
Example: Solve b=7tan(§)—d for a where —377[<a<3—7r. g‘ﬂql§ ean s & < = < 2

SO0 when Yoe Lelee

btd =7 tan (& Han™ Loe will get
%. We Clon* +

ha,\/-é to adC/ T,




Math 1060 — 4.3 Notes
Multiple Angle Equations

Often, equations involve expressions like sin2x, cos3a, or tan (x/ 2), all of which

involve multiples of the variable rather than a single variable. To solve these equations, we solve
for the multiple variable just as we would solve for a single variable and then multiply or divide
to get the single variable in the last step.

Example: Find all solutions in degrees to sin2a = \/=3- / 2.

T
Sin Lo =

2% = 07t 3O R or Zx= 1207+ 307k

2 2
m+(80012 or A= (LoC+ laoﬂa%ﬁ

Example: Find all solutions to tan(4x) =1 in the interval (0,x).

tan (4x)= | Start at W, % beep addin T%,)
%&:M ontil we are ne |engerin (o,
i [2 e, Ve, e, 3%

%= Tfe + %7
Example: Find all real number solutions to cos(x/2) = /2.
. <\
CoS (—z) = %5—

2 %}:% + 21k 192 OPQ@:G%T F2 |21T> xR

[Ex|x=T%s+dknm or x=lm/3 r4Emg |

Example: Find all solutions to csc(2x) = 24/3/3 in the interval (0°,360°).

- o= .
¢se (r)= 2—33=3'—3- sin (QX)'—’—\;i
TF Hthe cscis —% , Then AX = O +DLD" R Or 2x =20 +3L0k
+he Sine (S IZ- 2 . = R
The Path of a Projectile = * X = 30°+180°k or X= Lo+ 180

The distance d (in feet) traveled by a projectile fired from the ground with an angle of elevation % 30"/ Lo i
is related to the initial velocity v, (in ft/sec) by the equation v; sin26 = 32d. If the projectile is

fired from the origin into the first quadrant, then the x- and y-coordinates (in feet) of the
projectile at time 7 (in seconds) are given by x =v fcos8 and y =—161> + v tsin 6.



Example: A catapult is placed 100 feet from the castle wall, which is 35 feet high. A soldier
wants a burning bale of hay to clear the top of the wall and land 50 feet inside the castle wall. If
the initial velocity of the bale is 70 ft/sec, then at what angle should the bale of hay be launched
so that it will travel 150 feet and pass over the castle wall?
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Vo= FO =190
V% sin 2e=32d

70" STn 26 = 32(\603

sin 26 = 20150)
F0*

2@: S\.V\—‘ (é}%ﬁ__‘i}):?@‘q ',}%éip
o 26 = (go”-78.49%= lol-6
5= t2L 32,27 o o =[go.8

Now we need 1o Make sore that e borniig
bale 0§ hay s ak least 35 &£ high coheve v
reaches the castle wall (when i+ has gone [0 £t ﬁrwd)

X'—"\/o't oS © X’;\/ot cos & -
100 = 20t ¢oS 39.2° (o0 = FOo £ 03 50.8
= -} p= LEC 2 7, 76 Ser
= |84 se , =
70 oS 29.2° I < 70 o] 50.D

- -lpE*t Ve £SO

s - z -t si : o
yz=let®+Vot sin & Ve 16(2.26)%+ (FO)(R-2L)SI1 8

J = -l (1-84)+ (-8 SN 3.2

y=40,9 €t
y= 22,2 £+ i
. £ lavnched at o 50.8 angle,
L# lavnched at o 3.2° angle) the hay will be high enecghh

the ay will only be 2732 £t high o clear dhve castle well).
when + reaches the wall and
will not+ clédr +Hhe wall. ikt



Math 1060 — 4.4 Notes
Trigonometric Equations of the Quadratic Type

A General Strategy for Solving Trigonometric Equations
1. Know the solutions to sinx =0, cosx=0, and tanx =0.

2. Solve an equation involving multiple angles as if the equation had a single variable.

3. Simplify complicated equations by using identities. If possible, try to get an equation
involving only one trigonometric function.

4. If possible, factor to get different trigonometric functions into separate factors.

5. For equations of the quadratic type, solve by factoring or by the quadratic formula.

6. Square each side of the equation, if necessary, so that identities involving squares can be
applied. (Remember that this sometimes leads to extraneous solutions—check your
answers.)

Examples: Find all real number solutions of the following equations.

a) sinxtanx+sinx =0 vadiana b) sin(2x) = cosx
sin x (tan % +1) = 0 ASiN X Cot X = coS X
SN X=0 or tanyx +) =20 LSIMX CoS X —coS X = O
T : -
o, T, om et tén X = -| CosS X(Q =% X'-D_O
T .
374 54 ete. Cos x = O oy ASINX-| =0
gx|x2RkT or T5,%Ty , et o
T
X = 3%+k—“g /(o, /(o

é;ﬁl%l%«kk‘ﬂ oY X=T/ %y
oT X= ST +qem ¥

Examples: Find all angles in [0°,360°) that satisfy the following equations.

———m——
a) 6cosz(§j—7cos(—2{)+2=0 b) cosa—sin’a =0
U= cos (B cos & - (1= cos*n) = ©
L
e(@=12 coc®* A+ Cos K -] = O

2'— =
_éU qu ’\'2 O Fg‘gﬁgslguwk-‘? (oS R = a im
éuz-5U“‘-}u+Q=O )
((ooz—?:u>+(-4¢+2?—)=0 cos %= =t ;LE
20(20-D-2(av-1)=0 /*/;—\ﬁ (oS R, 0618 oF (osn= ~[.els
(30——;2)690»)> '\: (& gqﬁ' ) IQD g COS-'C,(ol&>:§l,8° ne SaTo{u’ov\
0=2%% or O=YVa ‘ cosine is beh“)&’?

‘ -] 4
COS%>=Z/_7> or cos(%)=)4 .

%) -
L =480+ 3<,o°k> Q.@_— = 0"+ 20 |z> 1 $51.8° 3082° 2
o (X< 31,8 4 3(,0%) wi—é = 300 + 5@0"@ . Y .
| . . e o, o o 360-5]8=308, 9
X =964"+3320°k X= (2o +3Fw k.

% =033, +7F0° k X = (o0° + 326° R



Examples: Find all solutions to the following equations in the interval [0, 27).

)éina—cos a;(—\/%) S%%Qgimgd b) sin(2x) =3cos(2x)
) Cos (2
SIn*& -2 SiNKCoS R+ 0% = - s (&9 %

- sin Ncosa =L tan ()= 3
(= Sin (2x) =1 Ax = [ AD T RT
~3Sin (Qx) = Xz ,Lp5 + ie%

. 2.195, 2.F66,5.%
A= /;,1+)eTr OV o = 5Tya+)2ﬂ’

St
K\ oo BT TR
Example: Find all angles in [0°,360°) that satisfy cos(2x)cos(x)—sin(2x)sinx =+/3/2.

cos (ax+x) = 337
(S C%X) = \I_gQ

2A =220 +360E of 3xz 330+ B0k
XK= 10 |0°%e o X =[10°+120°%

Example: Find all solutions in [0,27) that satisfy sinxcos(7/3)-cosxsin(z/3) =~2/2.
sin (x - ’”/3,> <
—%:%—fah‘n or X‘%:3%+Q\€.ﬂ

X=7T}{Q+a\zw o x:l%ﬁ

[
£ > 52

+ X r




